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TOWARDS DEFORMED CHIRAL ALGEBRAS
EDWARD FRENKEL AND NIKOLAI RESHETIKHIN
1. Introduction
1.1. In [1, 2, 3, 4, 5, 6] certain deformations of the Virasoro and W–algebras have
been defined together with their free field realizations. While the ordinary W–
algebras are symmetries of conformal field theories [7, 8], the deformed W–algebras
appear to be the dynamical symmetries of the RSOS integrable models [9, 10]. But
the deformed W–algebras are still rather poorly understood. One can define them in
terms of generators and relations, but the relations are unwieldy and not very illumi-
nating. This makes the study of representation theory of deformed W–algebras very
complicated (even in the case of the deformed Virasoro algebra). One can hope that
there is a new algebraic structure behind the deformed W–algebras, which would
make them more tractable. In this note we attempt to describe such a structure.
The current situation with deformedW–algebras is actually similar to the situation
with the ordinary W–algebras. If one tries to describe them in terms of the “Fourier
coefficients of currents”, one also runs into unwieldy formulas (except in the case
of the Virasoro algebra, which happens to be a Lie algebra). The right idea is
to consider instead of the Fourier coefficients of the generating fields Wi(z), the
fields themselves. These fields together with their derivatives and normally ordered
products form a vector space V with the operation of operator product expansion
(OPE), i.e., whenever A(z) and B(z) belong to V , one can expand their composition
as
A(z)B(w) =
∑
n∈Z
Cn(w)(z − w)
n,
where all the coefficients Cn(w) belong to V . Thus we obtain a vertex operator
algebra (VOA) – we recall the precise definition of VOA in Sect. 2. This VOA can
be described explicitly as a subalgebra of a simple Heisenberg VOA [11] or as the
result of the quantum Drinfeld-Sokolov reduction [12]. The commutation relations
of the Fourier coefficients of the fields can in principle be computed from the OPEs,
but this is not necessary as the VOA structure suffices for most purposes.
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1.2. In Sect. 3 we apply the same idea in the deformed case and define what we call
the deformed chiral algebra (the term “chiral algebra” is synonymous to “vertex oper-
ator algebra”, but we prefer the terminology “deformed chiral algebra” to “deformed
VOA”). This definition has several important differences with the undeformed case.
First of all, in the case of a VOA V , one assumes from the beginning that each
field A(z) from V acts on V , i.e., each Fourier coefficient of A(z) can be considered
as a linear operator on V . In other words, each VOA is manifestly a representation
of itself. There are many indications that this should not be so in the deformed case.
Therefore, we distinguish from the beginning the space of fields V and the space of
states W , on which the fields act.
Second, while in the undeformed case the analytic continuation of the composition
of two fields A(z) and B(w) has poles only on the diagonal z = w, in the deformed
case we allow poles on various shifted diagonals z = wγ, where γ lies in a certain
lattice in C×. We therefore consider the OPEs at each of these poles.
Finally, the locality axiom, which in the undeformed case states that analytic
continuations of A(z)B(w) and B(w)A(z) coincide, has to be modified. Instead,
we require that they differ by an action of an operator S(w/z) on V ⊗ V (the S–
matrix). We call this property S–commutativity. Note that a simple example of
S–commutativity appears already in super-VOAs, where S acts as ±1 depending on
the parity of A and B.
Thus, the main ingredients of a deformed chiral algebra (DCA) are operator prod-
uct expansions at shifted diagonals, and S–commutativity.
In Sect. 4 we give some examples of DCAs. One is associated to a Heisenberg
algebra, and the other is its subalgebra associated with the deformed Virasoro algebra.
Analogously, one can construct the DCAs corresponding to other W–algebras and
to the affine quantum algebras Up(ŝlN) using their free field realizations [4, 5, 14,
15]. The free field realizations remain at the moment the only way known to us for
producing explicit examples of deformed chiral algebras.
We should say from the outset that we view our definition of DCA as just a first
step towards understanding the true meaning of the deformed W–algebras. One
drawback of our definition is that in order to satisfy the axioms we have to consider
a very large space of fields. It seems that many of them are redundant, but so far we
have not found a natural way to truncate this space.
1.3. One of our motivations for introducing the DCAs associated to the deformed
W–algebras is to understand better their connection with quantum affine algebras
(see Sect. 5).
Recall that the classical W–algebra W(Lg), where Lg is the Langlands dual of
g, is isomorphic to the center Z(g) of U(ĝ)cr – the completed quantized universal
enveloping algebra of ĝ at the critical level [12]. A deformed classical W–algebras
was defined in [2] as the center Zp(g) of Up(ĝ)cr – the completed quantized universal
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enveloping algebra of ĝ at the critical level. The deformed quantumW–algebra Zp,q(g)
is the quantization of the center considered as a Poisson algebra. The quantization
parameter is 1− p/q, i.e., Zp(g) is the classical limit of Zp,q(g) as q → p.
A construction of [13] associates to each finite-dimensional representation U of
Up(ĝ) (i.e., of level 0) a generating series tU(z) of central elements from Zp(g). In
particular, the ith fundamental representation of Up(ŝlN) corresponds to a series ti(z),
whose quantization gives rise to one of the generating fields of Zp,q(slN) ≡ Wp,q(slN)
[4, 5]. The question is what are the quantizations of central elements corresponding
to other (higher spin) irreducible representations of Up(ŝlN).
The DCA structure helps to answer this question. In the case of the deformed
Virasoro algebra, the generating field T (w) corresponds to the two-dimensional rep-
resentation of Up(ŝl2). We show in Sect. 6 that the three–dimensional representation
corresponds to the residue in the OPE of T (z) and T (w) at z = wq. More generally,
the field Tn(w) corresponding to the (n+1)–dimensional representation of Up(ŝl2) can
be defined inductively as the residue of the OPE of T (z) and Tn−1(w) at z = wq
n−1.
At the end of Sect. 6 we derive various formal power series relations between the
Fourier coefficients of the fields Tn(z).
The research of E. Frenkel was supported by grants from the Packard Foundation,
the Sloan Foundations, and the NSF. The research of N. Reshetikhin was supported
by an NSF grant.
2. Vertex Operator Algebras
In this section we recall the axioms of vertex operator algebra following [16] (see
also [17] and [11], Sect. 4.1). These axioms are equivalent to the original axioms
[18, 19]; for the proof of this equivalence, see [17].
Let V = ⊕∞n=0Vn be a Z+-graded vector space, where dimVn <∞ for all n. A field
on V of conformal dimension ∆ ∈ Z is a power series φ(z) =
∑
j∈Z φjz
−j−∆, where
φj ∈ EndV and φjVn ⊂ Vn−j.
If z ∈ C× is a non-zero complex number, then φ(z) can be considered as a linear
operator V → V¯ , where V¯ =
∏∞
n=0 Vn.
We have a natural pairing 〈, 〉 : V ∗n ×Vn → C. A linear operator P : V → V¯ can be
represented by a set of finite-dimensional linear operators P ji : Vi → Vj, i, j ∈ Z, such
that 〈A, P · B〉 = 〈A, P ji · B〉 for B ∈ Vi, A ∈ V
∗
j . Let P,Q be two linear operators
V → V¯ . We say that the composition PQ exists, if for any i, k ∈ Z, B ∈ Vi, A ∈ V
∗
k
the series
∑
j∈Z〈A, P
k
j Q
j
i · B〉 converges absolutely.
Two fields φ(z) and ψ(z) are called local with respect to each other, if
• for any z, w ∈ C×, such that |z| > |w|, the composition φ(z)ψ(w) exists
and can be analytically continued to a rational operator-valued function on
(C×)2\diagonal, R(φ(z)ψ(w));
4 EDWARD FRENKEL AND NIKOLAI RESHETIKHIN
• for any z, w ∈ C×, such that |w| > |z|, the composition ψ(w)φ(z) exists
and can be analytically continued to a rational operator-valued function on
(C×)2\diagonal, R(ψ(w)φ(z));
• R(φ(z)ψ(w)) = R(ψ(w)φ(z)).
Definition. A VOA algebra is a collection of the following data:
• a Z+–graded vector space V .
• a linear map Y : V −→ End V [[z, z−1]] which associates to each A ∈ Vn a
field of conformal dimension n
Y (A, z) =
∑
j∈Z
Ajz
−j−n.
• A linear operator T : V → V of degree 1.
• A vector Ω ∈ V .
These data should satisfy the following axioms:
(A1) All fields Y (A, z) are local with respect to each other.
(A2) TΩ = 0 and ∂zY (A, z) = [T, Y (A, z)]
(A3) Y (Ω, z) = Id and limz→0 Y (A, z)|0〉 = A for all A ∈ V .
Proposition 1. A VOA V automatically satisfies the following property: for any
A,B ∈ V ,
R(Y (A, z)Y (B,w)) = R(Y (Y (A, z − w)B,w)),(2.1)
where the left-hand (resp. right-hand) side is the analytic continuation from the do-
main |z| > |w| (resp. |w| > |z − w|).
This implies that for any A,B ∈ V and n ∈ Z, there exists Cn ∈ V , such that
Resz=w R(Y (A, z)Y (B,w))(z − w)
ndz = Y (Cn, w).
Proposition 1 also implies the following result.
Proposition 2 ([20], Prop. 3.5.1). For any Ai ∈ V , i = 1, . . . , n, the composition
Y (A1, z1) . . . Y (An, zn) converges in the domain |z1| > . . . > |zn| and can be continued
to a rational operator-valued function on (C×)3 with the poles only on the diagonals
zi = zj.
3. Deformed Chiral Algebras
Definition. A deformed chiral algebra (DCA) with a representation is a collection
of the following data:
• A vector space V called the space of fields.
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• A vector spaceW = ∪n≥0Wn called the space of states, which is union of finite-
dimensional subspaces Wn. We consider a topology on W in which {Wn}n≥0
is the base of open neighborhoods of 0.
• A linear map Y : V → EndW ⊗̂[[z, z−1]] that is for each A ∈ V , a formal power
series Y (A, z) =
∑
n∈ZAnz
−n, where each An is a linear operator W → W ,
such that An ·Wm ⊂Wm+N(n), ∀m ≥ 0, for some N(n) ∈ Z.
• A meromorphic function S(x) : C× → Aut(V ⊗V ), satisfying the Yang-Baxter
equation:
S12(z)S13(zw)S23(w) = S23(w)S13(zw)S12(z),
for all z, w ∈ C×.
• A lattice L ⊂ C×, which contains the poles of S(x).
• A vector Ω ∈ V , such that Y (Ω, z) = Id.
The data of deformed chiral algebra should satisfy the following axioms:
(1) For any Ai ∈ V, i = 1, . . . , n, the composition Y (A1, z1) . . . Y (An, zn) con-
verges in the domain |z1| >> . . . >> |zn| and can be continued to a meromor-
phic operator valued function
R(Y (A1, z1) . . . Y (An, zn)) : (C
×)n → Hom(W,W ),
where W is the completion of W with respect to its topology.
(2) Denote R(Y (A, z)Y (B,w)) by Y (A⊗ B; z, w). Then
Y (A⊗B; z, w) = Y (S(w/z)(B ⊗ A);w, z).
(3) The poles of the meromorphic function R(Y (A, z)Y (B,w)) lie on the lines
z = wγ where γ ∈ L. For each such line and n ≥ 0, there exists Cn ∈ V , such
that
Resz=γw R(Y (A, z)Y (B,w))(z − γw)
ndz
z
= Y (Cn, w).
Remark 1. One can modify the last axiom by suppressing the condition n ≥ 0 and
considering expansions at all γ ∈ L.
One can also allow more complicated topology on W . However, in all examples
that we give below, the topology of inductive limit of finite-dimensional vector spaces
on W will suffice.
Remark 2. According to Proposition 2, an analogue of axiom (1) holds in a VOA for
all n, i.e., the case n = 2 already implies the general n case. We have not been able to
prove that in a general DCA axiom (1) would hold for all n if it holds for n = 2.
For A,B ∈ V , we write
S(x)(A⊗ B) =
∑
i
Si(x)A⊗ S
i(x)B.
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Then axiom (2) can be expressed as
R(Y (A, z)Y (B,w)) =
∑
i
R(Y (Si(w/z)B,w)Y (S
i(w/z)A, z)).
Suppose we are given a DCA V = (V,W, Y, S(x),Ω) and a subspace V ′ ⊂ V , such
that V ′ ⊗ V ′ is invariant under S(x), Ω ∈ V ′, and the following condition holds:
for any A,B ∈ V ′, if R(Y (A, z)Y (B,w)) has a pole at z = wγ, then there are
Cn ∈ V
′, n ≥ 0, such that
Resz=γw R(Y (A, z)Y (B,w))(z − γw)
ndz
z
= Y (Cn, w).
Then V ′ = (V ′,W, Y, S(x),Ω) is a DCA, which we will call a subalgebra of V.
It is straightforward to define homomorphisms of deformed chiral algebras in such
a way that the kernel and the image are subalgebras.
The following result follows immediately from axioms (3) and (4) and the residue
formula, which should be compared with the Jacobi identity of [19, 20].
Proposition 3. For A,B,C ∈ V and any meromorphic function f(z, w, u) on (C×)3,
and a, b ∈ C×, the following identity holds:
Resz=uaResw=ubR(Y (A, z)Y (B,w)Y (C, u))f(z, w, u)
dz
z
dw
w
−
∑
i
Resw=ubResz=uaR(Y (Si(w/z)B,w)Y (S
i(w/z)A, z)Y (C, u))f(z, w, u)
dz
z
dw
w
=Resw=ubResz=wa/bR(Y (A, z)Y (B,w)Y (C, u))f(z, w, u)
dz
z
dw
w
.
4. Examples of deformed chiral algebras
Let V = (V, Y, T,Ω) be a super VOA and W be a representation of V . Then
(V,W, Y, (−1)p⊗p,Ω) where p is the parity operator on V , is a deformed chiral algebra.
The examples that we consider below are obtained via free field realizations. We
first construct a large DCA associated to an infinite-dimensional Heisenberg algebra,
and then define a chiral subalgebra of this DCA, which is finitely generated in a
certain sense.
4.1. Deformed Heisenberg chiral algebra. Fix a complex number p, such that
|p| < 1 and a complex number q.
Following [3, 4] consider the Heisenberg algebra H with generators λn, n ∈ Z, and
relations
[λn, λm] = −
1
n
(1− qn)(1− (p/q)n)
1 + pn
δn,−m, n 6= 0,(4.1)
[λ0, λn] = 0.
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Let pi be the Fock representation of the algebra H, which is generated by a vector
v, such that λnv = 0, n ≥ 0. We define a Z+–gradation on pi by setting deg λn =
−n, deg v = 0.
Introduce the generating functions
Λ+(z) =: Λ(z) := p−1/2q−λ0 : exp
−∑
m6=0
λmz
−m
 :,
Λ−(z) =: Λ(zp−1)−1 := p1/2qλ0 : exp
∑
m6=0
λmp
mz−m
 :,
where columns stand for the standard normal ordering. The Fourier coefficients of
Λ±(z) are well-defined linear operators acting on pi.
Denote θa(x) =
∏
n>0(1 − xa
n−1)(1 − x−1an)(1 − an). The following lemma is
straightforward.
Lemma-construction. Let H be the vector space of polynomials in the variables
Λ±i,n,m, i, n,m ∈ Z, i ≥ 0. Set Ω = 1, and
Y (Λǫ1i1,n1,m1 . . .Λ
ǫk
ik,nk,mk
, z) =: ∂i1z Λ
ǫ1(zpn1qm1) . . . ∂ikz Λ
ǫk(zpnkqmk) : .
This operation gives rise to a structure of DCA on (H, pi) with S(x) : H ⊗ H →
H ⊗H determined uniquely by axiom (2) and the Wick rules. In particular,
S(Λǫ0,n,m ⊗ Λ
ǫ′
0,n′,m′) = SΛΛ
(
w
z
pn
′−nqm
′−m
)
Λǫ
′
0,n′,m′ ⊗ Λ
ǫ
0,n,m,
where
SΛΛ(x) =
θp2(xp)θp2(xq
−1)θp2(xp
−1q)
θp2(xp−1)θp2(xq)θp2(xpq−1)
.(4.2)
4.2. Deformed Virasoro chiral algebra. Define the power series
T (z) =
∑
m∈Z
Tmz
−m
by the formula
T (z) = Λ+(z) + Λ−(z) =: Λ(z) : + : Λ(zp−1)−1 : .(4.3)
The coefficients Tn of the power series T (z) are well-defined linear operators on pi.
They satisfy the following relations [3]:
∑
l≥0
fl (Tn−lTm+l − Tm−lTn+l) =
(1− q)(1− p/q)
1− p
(p−n − pn)δn,−m,(4.4)
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where fl’s are given by the generating function
f(x) =
∑
l≥0
flx
l =
1
1− x
(x|q, pq−1; p2)∞
(x|pq, p2q−1; p2)∞
.(4.5)
Here and below we use the following notation:
(a1, a2, . . . , ak; b)∞ =
k∏
i=1
∏
n≥0
(1− aib
n).
We associate to this algebra a subalgebra of the DCA (H, pi).
Definition. The deformed chiral Virasoro algebra is the smallest subalgebra (Vir, pi)
of the DCA (H, pi), which contains the vector T = Λ+ + Λ−.
Thus, in particular, Y (T, z) = T (z) is given by (4.3).
Proposition 4. There is a basis B in Vir containing T , with respect to which S(x)
is diagonal, i.e.,
S(x)(A⊗ B) = SAB(x) · A⊗ B,(4.6)
where SAB(x) is a meromorphic function, for all A,B ∈ B. The functions SAB(x)
are uniquely determined by the function STT (x) ≡ SΛΛ(x) given by (4.2).
Proof. We can construct Vir inductively. For |z| >> |w| we have
T (z)T (w) = f
(
w
z
)−1
: Λ(z)Λ(w) : +f
(
w
zp
)
: Λ(z)Λ(wp−1)−1 :
(4.7)
+ f
(
wp
z
)
: Λ(zp−1)−1Λ(w) : +f
(
w
z
)−1
: Λ(zp−1)−1Λ(wp−1)−1 :,
where f(x) is given by formula (4.5).
The analytic continuations satisfy [4]
T (z)T (w) = STT
(
w
z
)
T (w)T (z),(4.8)
where STT (x) is given by (4.2). We will call a relation of this kind an exchange
relation. Note that the poles of the function STT (x) lie in the lattice L = p
ZqZ ⊂ C×.
Next, according to axiom (3), Vir has to contain elements corresponding to each
pole in the right hand side of (4.7). These are simple poles occurring at the lines
z = wqp2n, z = wq−1p2n+1, n ≥ 0, and z = wp±1. The residue of T (z)T (w) at the
last two poles is a constant, hence it corresponds to a multiple of Ω. The residue at
each of the other poles can be computed explicitly (see examples below) and it is a
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linear combination of normally ordered products of Λ±(wγ), where γ ∈ L. Let R(w)
be the residue, corresponding to the line z = wa. We can compute the action of S
on the T ⊗ R and R⊗ R, using the following formula.
Lemma 1. Suppose we have three fields Ai(z), i = 1, 2, 3, from a DCA (V,W ), which
satisfy R(Ai(z)Aj(w)) = Sij(w/z)R(Aj(w)Ai(z)) for some meromorphic functions
Sij(x). Let
B(w) = Resu=wγ R(A2(u)A3(w))
du
u
.
Then A1(z)B(w) = S12(wγ/z)S13(w/z)B(w)A1(z).
This formula implies that if A and B belong to the set of basis elements that we
have already constructed, then SAB(x) is the product of functions STT (x) with shifts
by elements of L. Therefore the element R can be included in the basis B.
We continue our construction inductively, by considering the OPEs of the already
constructed elements, and adding new elements to the basis B of Vir corresponding
to the residues at various poles of these OPEs. The fields corresponding to the new
elements will be linear combinations of normally ordered products of ∂izΛ
±(z) with
shifts by elements of L, and they will have exchange relations of the form (4.6) with
the function SAB(x) being the product of functions STT (x) with shifts by elements
of L.
4.3. Remarks.
4.3.1. The interesting question is to characterize the subalgebra Vir inside the
Heisenberg algebra H . In the undeformed case, this is done by introducing the
so-called screening operators. For general W–algebra Wβ(g), these are certain op-
erators acting from the VOA of Wβ(g) to its representations, corresponding to the
simple roots of g, see [11]. It is proved in [11] that for generic values of β (i.e., generic
central charge) the VOA of Wβ(g) coincides with the intersection of kernels of the
screening operators.
The screening operators for the deformed W–algebras associated to slN have been
constructed in [4, 5]; this construction is easy to generalize to the case of an arbitrary
simply-laced g, see [4]. The generators of the deformed W–algebra Wp,q(slN) com-
mute with these operators. An important open question is to characterize Wp,q(slN)
in terms of these operators.
4.3.2. The deformed W–algebras have additive (or “Yangian”) analogues, see [24],
which can be considered as symmetries of the sine-Gordon and Toda theories. At the
semi-classical level, they correspond to the center of the extended Yangian double at
the critical level, see [25]. The formalism of DCA given in this section also has an
additive version, suitable for these algebras.
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4.3.3. The VOA of the W–algebra can be extended by adding to it various repre-
sentations, i.e., various primary fields and their descendants. In particular, in the
case of the Virasoro algebra one can add the primary fields Φn,m(z). It is well-known
that the OPE of the fields Φ+1,2(z) and Φ
−
1,2(z) contains the generating field T (z) of
the Virasoro algebra.
It is interesting that the same pattern holds in the deformed case. Indeed, the free
field realization of the deformed fields Φ±1,2(z) has already been given by Lukyanov
and Pugay in [1] (see also [21]), and they play a prominent role in the subsequent
work on the RSOS models, see [9]. Explicit computation shows that the OPE of the
deformed fields Φ+1,2 and Φ
−
1,2 contains the generating field of the deformed Virasoro
algebra. Furthermore, “Yangian” version of this (scaling limit) can be interpreted as
the appearance of the breather particle in the scattering of soliton and anti-soliton
of the sine-Gordon theory, see [22, 23].
Thus one obtains a remarkable connection between scattering in an integrable
quantum field theory and the OPE of a conformal field theory, and correspondence
Φ
+(−)
1,2 (z) ↔ (anti-)soliton, T (z) ↔ breather, etc. Note however, that z plays com-
pletely different roles in the two theories: as momentum and coordinate variables,
respectively.
This example clearly indicates that the DCA of the deformed Virasoro algebra (as
well as other deformed W–algebras) can, and perhaps should, be extended by its
“primary fields”.
4.3.4. The notion of VOA has a semi-classical analogue: “coisson algebra” [26], or
“vertex Poisson algebra” [27]. It is closely connected with the hamiltonian formalism
of soliton theory. The deformed chiral algebras also have a semi-classical analogue,
which we plan to discuss in a future paper.
5. Deformed W–algebra as a quantization of representation ring
Let ĝ be an affine Kac-Moody algebra. As we mentioned in the introduction, a
construction given in [13] associates to each finite-dimensional representation V of
Up(ĝ) a generating series tV (z) of central elements from Zp(g)[[z, z
−1]].
This gives us a map T from the representation ring RepUp(ĝ) of Up(ĝ) to Zp(g).
Recall that there is a natural C× action on RepUp(ĝ): given a representation piV of
Up(ĝ) in a vector space V , and z ∈ C
×, we construct a new representation piV (z)) on
the same vector space by the formula piV (z)(a) = piV (z
daz−d), where d is a generator
of ĝ.
Proposition 5 ([29]). The map T : RepUp(ĝ)→ Zp(g)[[z, z
−1]] is a C×–equivariant
ring homomorphism, i.e., tU⊕V (z) = tU (z) + tV (z), tU⊗V (z) = tU(z)tV (z), and
tV (w)(z) = t(zw).
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The construction of the map T is closely connected to the construction of transfer-
matrices of the integrable spin models corresponding to Up(ĝ) (see [13]). More pre-
cisely, there is a surjective homomorphism from the center Zp(g) to the algebra of
transfer-matrices, under which tV (z) goes to the transfer-matrix corresponding to the
representation V . The transfer-matrices generate a large commutative subalgebra of
a non-commutative quantum algebra. The discovery of [2] was that this algebra has a
Poisson structure, which can be further quantized (“secondary quantization”!). Thus,
transfer-matrices appear as quantum objects in one theory (they form a commuta-
tive subalgebra in some non-commutative quantum algebra, e.g., Yangian or quantum
affine algebra) and as classical objects in another theory (the semi-classical limits of
the generators of a non-commutative symmetry algebra, or Faddeev-Zamolodchikov
algebra). If the first theory is rational, the second theory is trigonometric, and if the
first is trigonometric, then the second theory is elliptic.
Furthermore, in [2] we showed that the Baxter type formulas for the eigenvalues of
transfer-matrices computed by the Bethe Ansatz [28] actually define a hamiltonian
map from the algebra of transfer-matrices to a Heisenberg-Poisson algebra (Miura
transformation, or free field realization). This hamiltonian map can also be quantized,
at least in the case of slN [4, 5].
Now let us recall that in the undeformed case, the one-parameter family of defor-
mations of the center Z(g) is theW–algebraWβ(g) (β is the parameter related to the
central charge, see [11]), and it actually has two classical limits: β → 0 and β →∞.
The first of them isW(g) and the second isW(Lg), which is isomorphic to the center
Z(g) of U(ĝ)cr. Thus, at “one end” of Wβ(g) one obtains Z(g), and at “the other
end” one obtains the Langlands dual Z(Lg).
We believe that the center Zp(g) also has a one-parameter family of deformations
Zp,q(g), which has two classical limits. One of them is the limit q → p in which
Zp,q(g) becomes Zp(g) and the other is q → 1.
Such a deformation has been constructed [4, 5] in the case when g is slN ; in this
case Lg is also slN , and we know that in the limit q → 1 we also obtain Zp(slN). Note
also that one obtains Wβ(slN) in the limit q → 1, p = q
β with β fixed. The same
pattern is probably true for all simply-laced g (see the end of [4]).
The structure of the Poisson algebras Zp(g) for arbitrary g and the corresponding
deformed Miura maps have been worked out in [30]. However, it is not clear how
to quantize Zp(g) when g is not simply-laced. The naive expectation is that the
q → 1 limit of the quantum W–algebra Zp,q(g) is isomorphic to Zp(
Lg). However,
our explicit construction [30] indicates that this is not so for non simply laced g. It
is not clear to us at the moment what takes the role of Langlands duality in this
context.
If exists, Zp,q(g) can be thought of as a quantization of RepUp(ĝ) (or the algebra
of transfer-matrices in the corresponding spin model). Let V be a finite-dimensional
representation of Up(ĝ) and tV (z) be the corresponding generating series of elements
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from Zp(g). It is interesting to ask what is its deformation in Zp,q(g), which gives
tV (z) in the limit q → p (of course, such a deformation is not unique, since we can
always add (1− p/q) times something).
In the case when g = slN , the only case, in which the quantum W–algebra hs been
worked out explicitly, we only know what are the deformations of tV (z), where V is
a fundamental representation. What we would like to do is to express deformation
of other tV (z) in terms of these. That’s where the concept of DCA becomes useful.
In the next section we will give examples of such expressions in the case when
g = sl2. In this case, for each positive integer n there exists an irreducible (n + 1)–
dimensional representation. Denote the corresponding series by tn(z). This series
can be written in terms of the deformed Miura transformation as follows:
tn(z) = Λ
+(w)Λ+(wp)Λ+(wp2) . . .Λ+(wpn)
+ Λ−(w)Λ+(wp)Λ+(wp2) . . .Λ+(wpn)
+ Λ−(w)Λ−(wp)Λ+(wp2) . . .Λ+(wpn)
+ . . .
+ Λ−(w)Λ−(wp)Λ−(wp2) . . .Λ−(wpn),
The deformation of t1(z) in Wp,q(sl2) is T1(z) ≡ T (z). It turns out that the defor-
mation T qn(z) of the series tn(z) can be obtained inductively as a residue occurring
under a multiple fusion of the field T (z) = T1(z).
6. Examples
6.1. Examples of operator product expansions. We obtain from formula (4.7):
Resz=wq T (z)T (w)
dz
z
=
(1− q−1)(p, p2q−1; p2)∞
(p2, pq−1; p2)∞
×
(
: Λ(w)Λ(wq) : + : Λ(wp−1q)−1Λ(wp−1)−1 : +
(1− p)(1 + q)
(1− pq)
: Λ(wq)Λ(wp−1)−1 :
)
,
Denote by T q2 (w) the field appearing in brackets in the right hand side. Its limit
when q → p equals
t2(w) = Λ(w)Λ(w) + Λ(w)
−1Λ(wp−1)−1 + Λ(wp)Λ(wp−1)−1.
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We find by induction that
Resz=wqnT (z)T
q
n(w)
dz
z
=
n∏
j=1
f(q−n+j−1)−1 ×
(
c0n+1 : Λ
+(w)Λ+(wq)Λ+(wq2) . . .Λ+(wqn) :
+ c1n+1 : Λ
−(w)Λ+(wq)Λ+(wq2) . . .Λ+(wqn) :
+ c2n+1 : Λ
−(w)Λ−(wq)Λ+(wq2) . . .Λ+(wqn) :
+ . . .
+cn+1n+1 : Λ
−(w)Λ−(wq)Λ−(wq2) . . .Λ−(wqn) :
)
,
where f(x) is given by (4.5), and the numbers cin can be determined inductively by
the formulas c0n = c
n
n = 1 and c
i
n+1 = c
i
n
∏i
j=1 g(q
n−j+1) for 0 < i < n + 1, where
g(x) =
(1− xq)(1− xp/q)
(1− x)(1− xp)
.
We denote the term in brackets by T qn+1(w). From the point of view of the analogy
discussed in Remark 4.3.3, T qn(z) corresponds to the n–breather particle of the sine-
Gordon model.
The limit of T qn(z) when q → p equals tn(z). Thus, the field T
q
n(z) can be viewed
as a deformation of the transfer-matrix corresponding to the (n + 1)–dimensional
representation of Up(ŝl2). It is interesting if one can see the tensor product structure
of representations of Up(ŝl2) in the scattering of n–breathers.
Similarly, we can construct the deformations T p/qn (z) by considering the residues
at z = w(p/q)n−1. In particular,
T
p/q
2 (w) =: Λ(w)Λ(wpq
−1) :
+ : Λ(wp−1)−1Λ(wq−1)−1 : +
(1− p)(1 + pq−1)
1− p2q−1
: Λ(wpq−1)Λ(wp−1)−1 : .
The field T p/qn (z) becomes tn(z) in the limit q → 1.
6.2. Formal power series relations. Recall that one can use the OPE in the
vertex operator algebra to compute the commutation relations between the Fourier
coefficients of the fields. These relations can be written in the form of power series
relations. Explicitly, given two fields A(z) and B(w) in a VOA with the singular part
of their OPE of the form
A(z)B(w) =
∑
n>0
Cn(w)
(z − w)n
,
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we can derive the following relation on the formal power series (see, e.g., [17]):
[A(z), B(w)] =
∑
n>0
1
(n− 1)!
Cn(w)(w∂w)
n−1δ
(
w
z
)
.
In deriving this formula, one uses the locality R(A(z)B(w)) = R(B(w)A(z)) in an
essential way.
The locality axiom becomes more complicated in the case of DCA. Nevertheless,
it is possible to derive certain quadratic-linear relations on the Fourier coefficients of
the fields as well. Suppose we have two fields A(z) and B(w), which satisfy
R(A(z)B(w)) = S
(
w
z
)
R(B(w)A(z)).
Let us factorize the function S(x) into a product of two functions, analytic in the
interior and the exterior of a circle |x| = α (Riemann problem):
S(x) = g+(x)
−1g−(x).
Here g+(x) can be expanded into a power series in x, while g−(x) can be expanded
into a power series in x−1. It is then easy to show, in the same way as in the case of
VOA, that the difference
g+
(
w
z
)
A(z)B(w)− g−
(
z
w
)
B(w)A(z),
considered as a formal power series in z and w, is the sum of finitely many terms of
the form
C(w)(w∂w)
kδ
(
w
z
γ
)
,
where
C(w) = Resz=wγ g+
(
w
z
)
(z − w)kR(A(z)B(w))
dz
z
up to a scalar. This way one obtains quadratic-linear relations on the Fourier coef-
ficients of fields in a DCA (compare with Sect. 7 of [4]). But note that if we solve
the Riemann problem differently, or on a different circle, we may obtain a different
relation. This is illustrated by the examples below.
Remark 3. We want to use this opportunity to correct a typo in formula (6.2) of [4]:
fm,N
(
z
w
)
there should be replaced by fm,N
(
z
wpm−1
)
.
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6.2.1. Relations between T1(z) and T1(w). We have already seen relations between
the Fourier coefficients of T1(z) and T1(w) in formula (4.4). Those relations can be
written as relations on power series:
(6.1) f
(
w
z
)
T (z)T (w)− f
(
z
w
)
T (w)T (z)
=
(1− q)(1− p/q)
1− p
(
δ
(
w
zp
)
− δ
(
wp
z
))
,
where f(x) is given by formula (4.5). From the point of view of the general formalism
outlined above, this relation corresponds to the factorization
STT (x) = f(x)
−1f(x−1)
(cf. [4]). But there are many other factorizations, for instance,
STT (x) = f(xp)f(x
−1p−1)−1.
It results in a new relation:
f
(
wp
z
)−1
T1(z)T1(w)− f
(
z
wp
)−1
T1(w)T1(z)
=
(1− q−1)(1− pq−1)
1− pq−2
(
T qw(w)δ
(
wq
z
)
− T
p/q
2 (w)δ
(
wp
zq
))
+
(1− q)(1− pq−1)(1− p2)
(1− pq)(1− p2q−1)
δ
(
w
zp
)
.
6.2.2. Relations between T1(z) and T
q
2 (w). We have a factorization:
ST1,T q2 (x) = STT (x)STT (xq) = F1(x)
−1F1(x
−1q−1),
where
F1(x) =
(xp, xp2q, xpq−1, xq2; p2)∞
(x, xpq, xp2q−1, xpq2; p2)∞
.
The corresponding relation is
F1
(
w
z
)
T1(z)T
q
2 (w)− F1
(
z
wq
)
T q2 (w)T1(z) =
(1− pq−1)(1− q2)
1− pq
(
T1(wq)δ
(
w
zp
)
− T1(w)δ
(
wpq
z
))
.
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6.2.3. Relations between T q2 (z) and T
q
2 (w).
F2
(
w
z
)
T q2 (z)T
q
2 (w)− F2
(
z
w
)
T q2 (w)T
q
2 (z) =
(1− p)(1 + q)(1− q2)(1− pq−1)
(1− pq)2
(
T˜ (wq)δ
(
w
zpq
)
− T˜ (w)δ
(
wpq
z
))
+
(1− q)(1− pq−1)(1− pq−2)(1− q2)
(1− p)(1− q−1)(1− pq)
(
δ
(
w
zp
)
− δ
(
wp
z
))
,
where
F2(x) =
1
1− x
(xp2q, xpq−1, xpq−1, xq, xq2, xpq−2; p2)∞
(xpq, xpq, xq−1, xpq2, xp2q−2, xp2q−1; p2)∞
,
and
T˜ (w) = Resz=wpq2 f
(
w
z
)
T (z)T (w)
z − wpq2
dz
=: Λ(w)Λ(wpq2) : +
(1− pq)(1− q3)
(1− pq2)(1− q2)
: Λ(w)Λ(wq2)−1 :
+
(1− pq3)(1− p2q)
(1− pq2)(1− p2q2)
: Λ(wp−1)−1Λ(wpq2) : + : Λ(wp−1)−1Λ(wq2)−1 : .
The Fourier coefficients of T˜ (w) can be expressed quadratically in terms of the
Fourier coefficients of T (w). Indeed, let C be a circle of large radius on the z plane,
and C ′ be a circle of small radius. Then∫
C
f
(
w
z
)
R(T (z)T (w))
z − wpq2
dz −
∫
C′
f
(
w
z
)
R(T (z)T (w))
z − wpq2
dz(6.2)
(here f(x) is considered as a meromorphic function and not as a power series) equals
the sum of residues of the integrand. But the integrand equals
1
z − wpq2
(
: Λ(z)Λ(w) : +
(z − wq−1)(z − wp−1q)
(z − w)(z − wp−1)
: Λ(z)Λ(wp−1)−1 :
+
(z − wq)(z − wpq−1)
(z − w)(z − wp)
: Λ(zp−1)−1Λ(w) : + : Λ(zp−1)−1Λ(wp−1)−1 :
)
.
Hence the poles occur only when z = wpq2, z = wp±1, and z = w. The contribution
of the first coincides with T˜ (w), while the remaining poles give us a constant
−q2
(1− q)(1 + p)(1− pq−1)
(1− q2)(1− p2q2)
.
On the other hand, since
f
(
w
z
)
R(T (z)T (w)) = f
(
z
w
)
R(T (w)T (z))
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by formula (4.8), we can rewrite (6.2) as∫
C
f
(
w
z
)
R(T (z)T (w))
z − wpq2
dz −
∫
C′
f
(
z
w
)
R(T (w)T (z))
z − wpq2
dz.(6.3)
But now in the first summand we have |z| >> |w|, so we can strip R(·) and consider
the integrand as a power series in w/z, while in the second summand we have |w| >>
|z|, and we can consider it as a power series in z/w. Hence (6.3) equals
∑
k∈Z
∑
i≤0
TiTk−iαi +
∑
i>0
Tk−iTiαi
w−k,
where ∑
i≤0
αix
−i =
f(x)
1− xpq2
,
∑
i>0
αix
−i =
f(x−1)
1− xpq2
.
Thus, we obtain finally:
T˜ (w) =
∑
k∈Z
∑
i≤0
TiTk−iαi +
∑
i>0
Tk−iTiαi
w−k + q2 (1− q)(1 + p)(1− pq−1)
(1− q2)(1− p2q2)
.
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